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Introduction:: dual superconductivity

B Dual superconductivity is a promising mechanism for quark confinement.
[Y.Nambu (1974). G.’t Hooft, (1975). S.Mandelstam, (1976) A.M. Polyakov (1975)]

B In this scenario, QCD vacuum is considered as a dual super conductor.

superconductor
» Condensation of electric charges (Cooper pairs)

» Meissner effect: Abrikosov string (magnetic
flux tube) connecting monopole and anti-
monopole

» Linear potential between monopoles

dual superconductor
» Condensation of magnetic monopoles

» Dual Meissner effect: formation of a hadron
string (chromo-electric flux tube) connecting
quark and antiquark

» Linear potential between quarks

E =g7 <Electro- magnetic duality> ) 7
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Evidence for the dual superconductivity :: fundamental rep. ()

Abelian projection in Maximal Abelian gauge
Extracted the relevant mode for quark confinement as a diagonal part in some gauge
B SU(2) case : Abelian projection  sy) - u(@)

v’ Abelian Dominance in the string tension by Suzuki-Yotsuyanagi (1990) , by Stack-Tucker-
Wensley (2002)

v"Monopole dominance in the string tension (DeGrant-Toussaint) by Stack-Tucker-Wensley
(2002)

B SU(3) case; Abelian projection SU(2)—U(1) X U(1)
v'Abelian Dominance by Shiba-Suzuki (1994)

v perfect dominance by Sakumichi-Suganuma (2016)
v"Monopole dominance by Stack-Tucker-Wensley (2002)
Problem:

Color (global) symmetry and gauge symmetry is broken.
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Evidence for the dual superconductivity :: fundamental rep. (I1)

Gauge decomposition method (our new formulation)

 Extracting the relevant mode V for quark confinement by solving the defining
equation in the gauge independent way (gauge-invariant way)

« SU(2) case: a lattice compact representation of the Cho-Duan-Ge-Faddeev-Niemi-
Shabanov (CDGFNS) decomposition.

we have showed that

» almost perfect V-field dominance, magnetic monopole dominance in string tension
» chromo-electric flux tube and dual Meissner effect.

» The vacuum of dual superconductor is of Type I

[Phys.Rev. D91 (2015) 3, 034506]
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Evidence for the dual superconductivity :: fundamental rep. (l11)

Gauge decomposition method SU(3) case

v’ Extension of SU(2) case and two options
« Maximal option (Cho-Faddev-Niemi decomposition also N Cundy, Y.M. Cho et.al )
« Minimal option (our proposed non-Abelian dual superconductivity )

=>for minimal option that we have showed in the series works
» V-field dominance, non-Abalian magnetic monopole dominance in string tension,
» chromo-flux tube and dual Meissner effect.

» The first observation on quark confinement/deconfinement phase transition in terms of
dual Meissner effect at finite temperature

=»for minimal option
» The same with the minimal option , [ours][N Cundy, Y.M. Cho et.al ]
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0 establish dual superconductivity

« We must show that monopole plays a dominant role for the Wilson loops in
higher representations as well as in the fundamental representation.

* In the previous studies, these sometimes made naive replacement of Wilson loop
operator between the Yan-Mills field and Abelian projected filed

E.g., recentry in order to test the mechanism of quark confinement, J.Greensite and R.Hollwieser
compares the double winding Wilson loop in SU(2) Yang-Mills theory made of Yang-Mills
field, Abelian projected field in the MAG, and the center in the maximal center gauge. [PRD91
054509 (2015)]

* In this talk, we investigate the Wilson loop by using our presented new
formulation of the Lattice Yang-Mills theory based on the non-Abelian Stokes
theorem.
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Non-Abelian Stokes theorem Kondo and Matsudo RRD92 125083 (2015)

Non-Abelian theorem in the presentation R can be given by

WelA] = Xas@]e exp(ig [(AUIA)) = Xds@Is exp(ig X d(AAVA)))

where[dS(g)]. and[dS(g)], arethe productof the Haar measureover the loop anda surface
respectively AY" := UAU' + ig?!UdU, and|A) the highestweightstate of the representationR.

o welotl = [lles[-io [ P prelpwesa
Fi(x) = A {0, (0)2(3)] = B, (1) 04 ()] = G50 ()0, m8 (2),E ()}
n;(x) = g(x)H;g"(x) = n3(x)T4(j = 1.....7).
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Lattice study of the Wilson loop in the representation R

« Wilson loops in the representation R can be calculated by using the multi-
winding Wilson loop in the fundamental representation. .For example,

SUR)case: 24 2=2a2°=14a 3 Wag = %)QDS[QU’(VZ) V =< Vys
(W(C OC)) = 23 + 3 (W, (©))
W)

1 XDS D L
] ~ V V T < V
SU@B) case: 3a 3 =346 3 S[Utr (V) X,S

(W(C OC)) = 2AW(C)pon) + 2W(C)ze1) Wieg) = + XDS[Utr (v2)

Du[€] is Invariant integration measure from non-Abelain Stokes theorem.
We carry out integral by using the reduction condition, I.e., the integral is
replaced by V-field which is decomposed by using the color field determined

from the reduction condition. (see follwing)
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A new formulation of Yang-Mills theory (on a lattice) for
fundamental representation

Decomposition of SU(N) gauge links Phys.Rept. 579 (2015) 1-226

« For SU(N) YM gauge link, there are several possible options of decomposition
discriminated by its stability groups:

OSU(2) Yang-Mills link variables: unique U(1) SU(2)

OSU(3) Yang-Mills link variables: Two options
minimal option : U(2)e SU(2) X U(1). SU(3)
v'"Minimal case is derived for the Wilson loop, defined for quark in the

fundamental representation, which follows from the non-Abelian Stokes’
theorem

maximal option : U(1) X U(1). SU(3)
v'Maximal case is a gauge invariant version of Abelian projection in the maximal
Abelian (MA) gauge. (the maximal torus group)
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The decomposition of SU(3) link variable: minimal option

Wc[U] = Tr|:P < Ux,s:|/Tr(l) Uys hy
(X, Xx+S)5C M-YM
Uxs = XxsVxs SU(3)c O[SUB)IUQ)],

/ reduction

UX,S —> U;,S — QXUX,SQ;r(+S

Vx,S —> Vx,S = vax,SQHS Ya”hg'Mi"S NLCV-YM
theory
Xyg = Xbo =1 OQXy s

\QX5G=SU(N)

Wc[V] =Trl P < Vs |/Tr(1)
X, Xx+S)5C

Wc[U] = constWc[V] 1]




Defining equation for the decomposition : minimal option

Introducinga color field hy = UR/2)U 5 SU(3)/U(2) withU 5 SU(3), asetofthe
definingequationof decompositiotJx s = Xx sVxs IS givenby

D§[V]hx = ‘]K(Vx,shx+8 ? thx,S) = 0,
gx = e?2ZMNexp(?ai’hy ? i > il acu) = 1,

whichcorrespondto the continuumversionof the decompositionA s(x) = Vs(x) + Xs(X),
Ds[Vs(X)]h(x) = 0,  tr(Xs(x)h(x)) = 0.

Note that the field Exact solution ~ A JIN ; A A (7N
. Xx = LX, det Lx' )'(1 Vx, = XX, Ux' = xLx, Ux, det Lx'
strength of V-field (N=3) ° 3 S),)l ) ° > ks )
appears in the Non- Lys = (,/LX,SL;S)' Lys
Abelian Stokes 5
theorem for Lys = N2 ,%lN t21 4 (N?2) Z(NN' 2) (hx + UxshxsUis)
fundamental
9 ?
representation. + 40N 2 DhyUxshiesUis
continuum limit | Vs00 = Ast9) ? 287 1heo, 1heo, Ase01] 2 ig? 28T 1 6o, heo),
xs00 = 282D 1hx), ho, As01] + ig™ 287D s, heo .
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The decomposition of SU(3) link variable: maximal option

UX,S — XX,SVX,S M-YM

y U e — U QT UX’.S’ N3, Ng
x5 = Uxs = £2xUxsi2x+s SU(3)c O[SUB)/(U(1) OU@))],

VX,S — Vg(,S = QXVX,SQj(+S / \&reduction J
Xus = Xis =[ QuXusQ

Yang-Mills
QX 5G = SU(N) thgeory @

sUB) Uzp  SUB)oe Vs, Xxs

equipollent

Gauge invariant construction of the Abelian projection to maximal torus group U(1)
x U(1) in MA gauge.



Defining equation for the decomposition: maximal option

By introducingcolor fields ne = O,(R2)OT, N = 04(R/2)0"
5 SU(3): O[SU(3)/(U(1) OU(1))]o asetof the definingequationfor the
decompositiortJx s = XxsVxs IS givenby

DEIVING = £ (Vusnis 2 niVys) = 0, (k = 3,8)

. adn?) = 1

gx = exp(2Zin/N)exp(i > j

Coresspondindo the continuumversionof the dexompositiomA s(x) = Vs(x) + Xs(X)
Ds[VsIn®(x) = 0, tr(n®)Xs(x)) =0, (k = 3,8)

Xxs = Klsdet(Kes)?g7t, Vis = guKxsdet(Kys)??

where

~ ?1 A ?1
Kxs @ = (1/Kx,sK;r<,s> Kxs, Kis = Ki,S(\/KX,SKj(,S>

3 3 8 8
Kvs =1+ 6n>(< )Ux,sn>(<+)sU§§,s + 6n>(< )Ux,sn>(<+)sU§L<,s
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Reduction condition

« The decomposition is uniquely determined for a given set of link variables Ux ,, and color
fields which is given by minimizing the reduction condition.

 The reduction condition is introduced such that the theory in terms of new variables is
equipollent to the original Yang-Mills theory, i.e., defining an effective gauge-Higgs model
whose Kkinetic term is given by the reduction condition

for givenUy s

- _

> | > j:38(D§:U]n0))T(D§[U]n(j)):| representedVIA

F[O;U] = < > XStr_> j(Dé[U:n@))T(Dé[U]n@))_ representiedn8

X,S

> tr_>j(Dé[U:n(?’))T(Dé[U]n@))- representedn3
L ! _

n®wheren; := ®@'H;0, H; Cartangenerators andDE[UIn® := Uxsnils 2 nPUy s

Note that the n8-reduction determines only n8 color field, n3is arbitrary but (n®)* = +1 +$n<8>

23 July 2018 Lattuce 2018, Ke8llogg Hotel and Conference Center, MSU 14



Maximal option with the MA reduction
as gauge invariant version of Abelian projection in MA gauge

MA reduction condition Is rewritten into the gauge fixing of maximal Abelian gauge.

Fua[®; U] = > tr|:> (Dé[U]nU))T(Dé[U]nU)):| = > |:2 22> tr(Ui,sng)Ux,sngls):|

X,S j=3.8 X,S j=3,8

= > |:2 22> tr([@xUj(,S("D;r(]Hj[®x+SUX,S®;r<+S]Hj):| = > 27? Fuac[O; U]
%S =38 XS

Decomposition for maximal option id given by

Kxs = Uxs + 6n)((3)UX,Sn)((§‘)S + 6n>((8)Ux,Sn>(<i)S = ®x|:®TUx,S + 6%®TUX,S% + 6%®TUX,S% :|®;Q+S

Ox[diag©'uik, ©'uz%, © Ui, )10ks

iy 7L2 ?1/3 : uly  9'uk 9'uR T ; : 2113
VX’S - (KX’SKX’S) KX,S(det KX,S) = dla ‘@Tuus ! @Tuzgs ) @Tu33s‘ (det(® u)](-,lS® u)z(,28® u)%,gS))
X, X, X,




|_attice data

SU(2) case ::
standard Wilson action 24% lattice p=2.5
hyper-blocking smearing

SU(3) case ::
standard Wilson action 244 lattice p=6.2, =6.0
APE smearing
various reduction condition (MA, n3, n8)
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SU(2) case: preceding study
 Naively extended Abelian projection does not reproduce the correct behavior of
Wilson loops in higher representations.

* For example, in the adjoint rep. in SU(2) gauge theory, the Abelian projected
Wilson loop,

WAPEl = 2(trV2+1)  v- < Vs
<X,S5>5C
approaches 1/3 other than 0 [G.I.Poulis, PRD 54 , 6974 (1996) |

B After testing several possible operators, the correct expression has found. [Piulis
(1996)]

BM.N.Chernodub et.al performed numerical simulation according to Poulis.
[PRD70,14506 (2004)]
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SU(2) :: General formula

General form of the higher dimensional Wilson loop by using the fundamental

representation. |
WOU] = =1 > tr(u2im) U= < Uxs
ZJ +1 n=0 <X,S>5C
WOV] = 3 XdS[Ulr (v3) V= < Vs

<X,S>5C

In case of j =1 W(jzl)[U](C) — %[’[r(uz) + 1]

WG=D[V](C) = %)@thr(vz) u %tr(V(n)z)
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SU(2) adj.

 V dominance for the static potential
Is found.

* It seems that the string breaking for
YM field starts at R = 0.7fm, but not
for V (Abelian) field.

e This is consistent with Chernodub
et.al (2004)

0.6

0.4

0.2

L W(R,T)
.,adj. — — o —
VI E) = ~log | i | T8
R[fm]
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
| | ' ' ' " Yang-Mills’ - m
. . 'restricted’
Preliminary
n * m -
-
o
|
[ |
|
u
|
2 s 6 5 10 12
R/e
19
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SU(3) case : Yang-Mills field

50 +

40 +

Vp(r/a,a)rg

In SU(3) Source: Bali(2000)
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25
0.5 1 1.5 2

U — < UX,S —
<X,S5>5C —
tr(Unop) = tr(U) Loa =
10 =

tr(Upy) = r(U)° 2 1
tr(Upzg) = 5 (tr (U)2 + tr (U2))
tr(U[g,l]) = tr(UD)tr (U[z,o]) ? tr (V)

1,0
11
2,0
2,1
3,0

tr(Ugsop) = %(tr(U)3 + 3tr (Utr (U2) + 2tr (U3))
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SU(3) :: general formula for the restricted field

Win,my = & XDS[U[tr (Vmtr (V™2)°) 2 tr (Vm?m2)] - (my ® 0,mz ® O)

Win,0) = 5 XDS[Utr (V™) (M, = 0)

0)

Wiomy = 5 XDS[Utr ((V™2)") (M

* Where V-field must be decomposed by using the maximal option.

* Invariant integration measure Du[&] IS dropped by using the reduction condition,
l.e., V-field is obtained by using the color field determined from the reduction
condition.

* Note that we have arbitrariness In choice of the reduction condition
=> In this talk, we use 3 types of the reduction conditions: MA, n3, n8



SU(3) [0,1] (fundamental) representation

| VR, T) = ?log(Wr 1.1 D)W 1:11[DI)
APE smearing N =xx, a=0.2

p=6.2 , fitrange [3,12] V(R,T), T=8, full, n3, MA, n8max, n8min
0.45 |

full (N=28) : 04l LT |
6 = 0.0293314 +/- 0.00061 035 - MA P
n3 (N=28): 0.3 " n8min P §§ |
5 = 0.0293018 +/-0.000395 = 0.25 - gy% il
MA (N=8) : s 02 f/% )
6 = 0.0244112 +/- 0.0000338 0.15 - ﬁ//* |
n8 (decomsed by minmal op, N=28): 0.1 - ﬁ/ ]
6 = 0.026503 +/- 0.0002966 0'02 e | | | =

n8max (N=4) : 0 2 4 6 8 10 12
c =0.0261281 +/- 0.000332 R



SU(3) [1,1] (Adjoint) representation
VR, T) = ?log(Wr 1.11[D){Wr 1111 [ D)

APE smearing N =xx, a=0.2

B=6.2, fit range [3,12] V(R,T), T=8, N=28
1
full (N=28) : full
o =0.0699755 +/- 0.002781 n3
0.8 - MA |~ >
n3 (N=28):
o =0.056761 +/- 0.002224 06
|_
3
MA (N=8) : > 04
o =0.0495824 +/- 0.002005
0.2 -
0 =
0




—log( Wc[])/T

Adjoint representation : b=6.0

static potential : Yang-Mills adjoint rep.

~ full

14 ,

1.2 —

i [ L
P

0.8 * 3 ¥ =

06 - - -

oot ]
0 2 4 6 8 10 12

distance R/e

T=11 N20w02 +H——=—

T=11 N24w02 +——

T=11 N28w02
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static potential : V maximal adjoint rep. reduction n3

18 |

12 |

08
06 |

0.4

n3-reduction

=
-
-
. . e . !
2 4 6 8 10 12
distance R/e

It seems that the string breaking for YM field starts at R/e =10. As for MA reduction
no strung breaking appears. As for n3-reduction,
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SU(3) [0,2] (6-dimension) representation
VR, T) = 2+ log((Wrm[Dl))

APE smearing N =xx, a=0.2

B=6.2, fitrange [3,12] V(RT), T=8, full(N=24), n3(N=24), MA(N=8), n8max(N=8)
full (N=24) : b o 2
o = 0.0923932 +/- 0.001724 3
0.8 L MA % i
n3 (N=24) : n8
o = 0.0702499 +/- 0.0008097 06l _
l—
o
MA (N=8) : > 04l _
o = 0.063367 +/- 0.0008151
0.2 |- 1
n8 (max, N=8) :
o = 0.0567384 +/- 0.00288 0L |
0 12




SU(3) [0,2] representation

V(R,

) = 74 log(Wirn[D]))

N=24), MA(N=8), n8max(N=8)

M;(M (Cornell)

|_ YM (IineaiL

.,f-f""ﬁ ] [0,2](cornel) = ] [0,2](linean) P ] n8
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Summary

« The Abelian projected Wilson loop for a higher representation, which made of
naive replacement of gauge link variable, does not reproduce the correct behavior
of the original Wilson loop.

* Through the non-Abelian Stokes theorem (NAST), we have obtained the another
Wilson loop, which is essentially same as the Abelian projected Wilson loop in the
fundamental representation, but is different from that in higher representation.

* We have investigated Wilson loop average in the higher representation by using
lattice simulation, and obtained correct behavior, i.e., restricted field (V)
dominance in the string tension for the higher representation:

» In the adjoint representation for SU(2) Yang-Mills theory
» In the adjoint and 6-dimansiona representation for SU(3) YM theory.



Outlook

* Need higher statistics and tuning of the smearing parameters

« Check In other representations

« String breaking, N-arity.

* Monopole dominance in the string tension for higher representation.

 Casimir scaling is achieved or not in the intermediate scale and on in the string
tension.



